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INTERPRETA1ION OF THE SECONDARY
ELECTROMAGNETIC FIELD BY
ANALYTIC CONTINUATION

Mehmet DIZIOGLU

OZET. — Endiiktif elektromanyetik prospeksiyonda anomaliyi teskil eden
ikinci derece manyetik sahamn tefsiri igin kaynaga dogru analitik devamhilik
meselesi incelenmigtir. Dizlem arz sathinda ikinci derece sahanmin bir bileseninin
bilindigi farz edilerek k kadar derinden ve kaynaklarin iizerinden gegen bir diiz-
lem iizerindeki anomalinin kiymetini tayin igin formiiller gikarilmisur. Bu mak-
satla baz1 seri aglimlanndan gayri, dalga denklemine sémi-infinit vasat icin bir
Green Fonksiyonu tayin edilmis ve elde edilen entegral, seri haline getirilerek
niimerik hesaba uygun bir gekle konmustur. Diizlem tizerindeki ortalama deger-
lerin ¢ift bir seriyi tahkik edecegi farz edilmis ve kat sayilar en kiigiik kare
metodu ile tayin edilmistir. Béylece & kadar derindeki anomali, satihta ayni
merkezli 6 daire tizerindeki ortalama degerler cinsinden elde edilmektedir.

It is known that, with the inductive electromagnetic method
of prospecting, the secondary magnetic field is investigated and
thence some inferences as to the localities and position of the
sources producing such fields are made. These interpretations are
usually carried out by qualitative methods. Sometimes curve fit-
ting methods are also used for this purpose, but such calculations
are tedious and time consuming and different assumptions madc
for such calculations are usually far from the truc state.

Here, in this paper an attempt is made to solve the reverse
problem. That is to say, given the components of the secondary
magnetic ficld on the plane surface of the earth, we will try to
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approach the sources by finding the values of the cdmponcnts

on a plane at a depth % below the surface; the plane being above
the sources.

It should be stated here that such a procedure would not at
all improve the limitations of the method or lift.the ambiguities
of interpretation, which would remain the same. But such approa-
ches towards the sources would enlarge the anomaly and subside

the background, so that the resolving power of the interpretation
would be increased.

Let us now assume that we know the: components of the se-
condary field produced by a primary field uniform at every point.
In practice such a secondary field can be abtained by keeping
the distance between the antenna and the receiver and moving
the arrangement at equal intervals along parallel lines.

These components would satisfy the equation (in Gaussian
units) : : .
dap dH  p K &m
V2 H; == —~ hLC !:T y 3
2o dt c? d ¢

Where H; — any component of the secondary magnetic field
= permeability of the medium

= resistivityi » » »

= dielectric’ constant of the medium

= speed of light. ' '

S o o=

As, usually the resistivity of the country rock is quite high,
the coefficient of the first term becomes negligibly small. There-
fore it can be discarded.

If we assume that the primary field is sinﬁsoidai, then:
H; = H.(x, j, z) et
where
g =2 fl
The function H must satisfy S _
(V2 4+ 1 H = 0
where

k= n K ¢
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Approach towards the source:

Let any component of the secondary magnetic field be known
on any plane z =o0. This plane may be the surface of the earth
or a plane above the surface of the earth as in the case of air-
borne electromagnetic prospecting. Let us suppose that z is posi-
tive downwards in a direction towards the source of the field.

Let us define a function

; 2n
1
H(nz) =" fH(r,z,G) cdB 1

where H (r,2) is the average value of any particular component

of the sccondary magnetic field around a circle of radius »
centered at (0,0,2).

If the z axis does not pass through any source, it is possible
to expand H (0,z) into series around z =0 in terms of the inten-
sities on the surface of the earth in the form

¢ H (0,0) R 9%H {0,0)

H (0,h) = H(0,0) + £~ - (‘9‘;‘—‘ + 27 50 + ... ete. {2)

The derivatives in Equation (2) can be calculated in different
ways, but as the calculation of even derivatives are more direct
than the calculation of odd ones, we can get rid of them by
using the upward extrapolation:

6 H(0,0) 1 9*H{0,0)

H (0,~h) = H (0,0) —h - P +37 e

l 2 2 =
H(o,k) =2[71(a,o) + ;! . g.z’;_.(o’ o) IR elc]_p@’_h) (4)

We have now to develop a method of calculation for the
derivatives in brackets as well as for the last term H (o,-4) which
is the continuation upward to a height & above the surface. We
will first deal with the calculation of the derivatives

From the wave equation in polar coordinates.

627-1:_'____<_6? 1 8
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ot ar ort ' r  ar
S N P
where ‘ (aﬁré+§- %_’)i

means that the operation is to be applied i times in suceession."

s oant e

We can show by an application of Green’s Theerem;: that

H (r, 0) is an even function, therefore it can be written in the
form ' RN e SR

H(r,0) = ap+ ayr® 4 agr* 4 agr® + ... . oete. (5)

Now if we perform the operations for the derivatives,” we Tind

Q__{{_(o_,_ol = — () k* + ¢4 ay) B
ozt R
s Y
g i’(?’_@ = ayk* -+ 8 kP ay + 64 a4 S
ar ,
~6 I3 {{ s X
d_ﬁ’_(";") — (@B - 12 Kay+ 192 K20, + 2204 ay)

If we replace these in Equation (4), we obtain 7 B

H(o,h) = 2 [}_1 (0,0) — éh—/ (ay k* + 4 a;) + f—/ (ay k4+8l\c§ qzh“fé??ad)”“

h ' R EE I R
(‘"; ({ZO kS + 12 k4 Qg + 192 k2 ay 'l‘ 2304 aﬁ) "I"‘.’. iveal cubl ]
L IR o
O k) e s eeneeei. (6)

Since the convergence of the series in brackets is rapidrenough,

only 4 terms have been used. -0
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Determination of the coefficients in the series (5) :

We can take as many terms as we please, and obtain the
values of their coefficients by means of the method of least

squares. We have made two trials. In one of them we supposed
that

H(r,o0) == ay+a 2 +agr* oot @)

and solved the normal equations with average values of around
circles of radius 0, 1,2, 3, 4, 5 and 6. The results are as follows:

a, = + 0386100 7 (0) -+ 0.386100 & (1) + 0.250962 & (2)
+ 0.070772 & (3) — 0.086910 7 (4) — 0.127520 H (5)

A 0.070610 F (6)...vuunnnriniiereraarereaeaaaaann (8)
a, = — 0.039186 & (0) — 0.039186 7 (1) — 0.008508 A (2)
+ 0.029982 7 (3) + 0.057324 # (4) + 0.046974 H (5)
—0.035196 H (6)..0vrrrninniannn.. i (9)
g, = -+ 0.000819 & (0) + 0.000819 & (1) -- 0.000006 7 (2)
— 0.000989 Z (3) — 0.001626 & (4) — 0.001149 # (5)
4 0001414 H (6) uvnerrierrinreieiiiiiiiaiaaeaans (10)

If we assume that
H(ro) = a + agr* + agr* + ag 1% ....... an

then the formulas for the coefficients found by the same method
become :

g, = + 0.02544 F (0) + 0.0220 77 (1)--0.1360 & (2) — 0.00217 7 (3)
+ 0.0970 77 (4) — 0.0442 7 (5) — 0.030112 X (6)

002616 FT (T) euuneneeiennennneenesnnnnennenennns (12)
4, = — 0.000495 7 (0) -— 0.000361 # (1) — 0.000211 7 (2)

1+ 0.0000780 & (3) — 0.000256 & (4) -+ 0.000468 7 (5)

+ 0.000343 & (6) — 0.000374 H (T)..eovvvrrrnnnn... (13)

g, = -+ 0.0000143 & (0) - 0.0000186 % (1) — 0.0000195 & (2)
4 0.0000721 7 (3) -+ 0.0001825 7 (4) + 0.000324 # (5)
1 0.0001444 H (6) — 0.0002727 H (T)....ooeeee..... (14)

a5 = -+ 0.00000124 F (0) + 0.000000908 # (1) — 0.00000015 Zr (2)
— 0.00000191 & (3) — 0.00000378 & (4) — 0.00000679 # (5)
— 0.0000065 F (6) -+ 0.0000057 H (T) ..evvvvvnvnnns (15)
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Evaluation of 7 (0,- %) :

Let us suppose that the singularities of & all lie outside a clo-
sed surface S bounding the volume V. Then putting

N

eiki rer’}

|7-7| )

{wehere r is the po.tion vector of the point in consideration and
1’ is the position vector of any other point) and this value of B
in the Green’s Theorem and applying it to the region bounded
externally by S and internally by C, a small sphere with center

r and radius ¢, we find that if the point (P) lies inside S

{ , ik rer| ik Jrer | {7 1
fﬁfi(r};— : — . aH(”ids’
n
S

\ Sl el e
o NN e
= lim ( . 1 ) - o H () et
k —— —_——t g —ds’ ... 16
“"[i = L) me) =S5 (16

J drerl

we can show that the value of the limit on the right-hand side
of this equation is — 4x H (r).

Determination of an ¢ ropriate Green’s function for the half-
space Z=<_0.

Le us suppose that G (r,r) satisfies the same wave equation
and that it is finite and cortinuous with respect to either the vari-
ables x,7,z or to the vari Dles x', ", 2’ for points 7, ' belonging
to a region V which is b.unded by a closed surface § except in

the neighbourhood of the point r, where it has a singularity of
the same type as
eik Jrr?]

|7-r']

as ¥ — r . Then proceeding as in the derivation of equation
(16). we can prove that, if 7 1is the positon vector of a point
within V, then

H(r) = 4_1;,/{ G(r,r") _g_f;(r_’)_p(r,)ig(r_,r’)_\} ds' ... (l'f)
' S

an )

where =z 1is the outward-drawn normal to the surface S.
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It follows immediately from Equation (17) that if Gy (r,7")
is such that it satisfies the boundary candition

Gy (r,7") =0
and if the point with position vector r’ lies on S, then
— 1 4 8 Gy (1,1
B() = — @y 29T e (18)
4n on
s
Now for the half —space
, eik]r—rll eik_]]»__w|
Gl (7', ¥ ) = ; - p
= 1 i
where | = (x, y, z) is the position vector of the image in the
plane z = o of the point with position vector r = (x, », — 2)

for this function it is easily shown that if* the point with posi-
tion vector r’ lies on N, the x, » plane, then

38 G, 8 Gy 0 et R
_——— I_ == ——~-~2 — <——)~>
on J 2 d2Z R
where R = (x— )2+ (3 —) ) + 2
It follows from Equation (18) thatif # = f(x,7) on 7 = o,
then when z<Zo o ‘
7 L9 Coay B
H(%p,—2)= 5 - asz(x,vv) R 4y dy o (19)
N

where H (x,y, — z) is the value of a component of the secon-
dary field at the point (x, », — 2) above the surface.

Since the measured field is not known as a mathematical

function, we wish to devise a practical scheme for the numerical
evaluation of the integral.

Evaluation of the integral:

: ) eik R .
Putting the real component of Y. p the integral,
. 0 Iy

+ -l.c0
_ Z ., Cc0skR + kRsink R .
H(x:}:—Z) Z—E f(x ,y) RS dx d_)’
— —o
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let ' —x=70058 ;3 —y=1sin 0

7 (%2

")

r=w =27 .
= [ / F gy SRS ERARER | g g ... (20)
i A J
v )

Since dx'. dy =

dr. d 9 =1, dr. d©

R3

it we define a function

o (0= [ H (0 48

the Equation (20) becomes

r

_ T " wskR-LERsinkR
H=— [ﬁ(,) had + Rl r. z. dr

R3

this can be written in the form

b
. H(o) + H(by) ' cos kR + kRsin kR
i 1, /' phad r
2 z

o L dr +
— — b2 >
H__(b_l)i- H(b) 2 / coskR+ kRsink R r. dr + efz, (21)
2 . R?
vl
where by, by ..., are the radii of circles around the origin.

If we expand cos kR and sin kR and make the necessary
integrations, we obtain the following series :

i (0,—h) =11E—:(2—0-)- [ (%—-W} —_ ( h— (b2+i2)A )
(1) () (-

(re—oipn ) (LY L 1+
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k 1——1—(;—1)- [repiace by by by in the same series] -+
L ]
) {1 1 Yo
h = { — U ) (b2p2)ME
2 G v | 00
(b+m) § B2 (1*._1_ ) .................. ] +
, { 2!
H (by) . .
k — [replace b, and b, by b, and by respectively in
the last series] + ................... etc. ...... (22)

By replacing this formula in Equation (6), the complete for-
mula for the evaluation of the intensity at a depth %2 can be
obtained. By this formula, it would be possible to find the
required intensities on a plane surface nearer the sources thus

the localities of the sources producing the secondary field could
be inferred.
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